Abstract. We study the density of the invariant measure of the Hurwitz complex continued fraction from a computational perspective. It is known that this density is piece-wise real-analytic and so we provide a method for calculating the Taylor coefficients around certain points and also the results of our calculations. While our method does not find a simple "closed form" for the density of the invariant measure (if one even exists), our work leads us to some new conjectures about the behavior of the density at certain points.
Introduction
Given a transformation of a subset of R n to itself, one common question is whether or not there exists an absolutely continuous (with respect to Lebesgue) invariant measure (or a.c.i.m), and if it exists, to find a simple closed form of it. This is a very common concern in the study of fibred systems, the symbolic expansions of numbers. The transformation T x = bx (mod 1) on [0, 1) associated to the base-b transformation has Lebesgue itself as its invariant measure. The transformation T x = βx (mod 1) on [0, 1) associated to β-expansions (β > 1) has the Parry measure as its invariant measure. The transformation T x = 1/x (mod 1) on [0, 1) associated to the regular continued fraction expansion has the Gauss measure µ(A) = A dx log 2(1+x) as its invariant measure. (See [3] .)
Of particular interest to us are the invariant measures of the many continued fraction (CF) variants. Explicit closed forms are known for the invariant measure of the backwards CF, even CF, odd CF, Rosen CF, and some, but not all, of Nakada's α-CFs [2, 6] . These are all one-dimensional real CF expansions. The simplest complex CF expansion is the Hurwitz complex CF (see Section 2 for definitions).
1 While the Hurwitz complex CF is well-studied [1, 4, 5, 7, 10] , little is yet known about the corresponding invariant measure. It is known (see Theorem 2.1) that the density h of the invariant measure is piece-wise real-analytic with 12 pieces of analyticity and it is known that it satisfies certain symmetries, but that is all. Some of Doug Hensley's computational work on the invariant density h can be found at his website: http://www.math.tamu.edu/~dhensley/.
In Section 4 of this paper, we will describe a method for numerically approximating a truncated Taylor expansion of the invariant density h around a given point. In Section 5, we describe the results of our computation. The precision of our calculations relied on a variable k, which determines the quality of the numerical approximation. We found that increasing k by one roughly reduced the error in our computation of the coefficients by a multiplicative factor of around .57 (see Table 4 ), which suggests that as we increase k linearly, our numerical approximations converge exponentially. At the limit of computation on our personal computers, this suggests we were able to compute the coefficients to an accuracy of around ±10 −3 . As an example of our calculations, we approximated h near the point (−.5, −.5) (using the usual identification of C with R 2 ) with the following function (again, see Table 4 Mathematica files including the implementation of our calculations can be found at http://github. com/JVandehey/HurwitzInvariantMeasure. Figure 1 shows the complete invariant density produced using our data, with all 12 regions of analyticity and 90 degree rotational symmetry around the origin clearly visible. It is difficult to see in this picture, but all 12 regions show some curvature to them. We also produced Figure 2 , which shows an enlarged image of 3 of the regions of analyticity, with more of the curvature now visible.
While this information does not give a simple, closed-form expression for the invariant density, our calculations did suggest the following conjecture: Conjecture 1.1. The Taylor series of the invariant density h is an even function in both the x and y coordinates around the points ±.5 ± .5i, ±.5, and ±.5i. In other words, if x 0 + y 0 i is any of the above points, then ∂ m+n ∂ m x∂ n y h(x + yi) x+yi=x0+y0i is 0 whenever m or n is odd.
We are being somewhat informal in talking about the Taylor series. In particular, when we discuss the Taylor series of h at a point, we mean the Taylor series of the corresponding analytic piece that the point lies in. Also, each analytic piece of h could be extended to an analytic function on a larger set (this is a consequence of a proof in [5] ), and thus it is reasonable to discuss the Taylor series at points on the boundary of the domain of h.
In Section 6, we briefly describe some other methods we used to try and compute the invariant density and why they didn't work. One method lead us to the question of what admissible sequences of digits can appear in the Hurwitz complex CF expansion. We answer that in Section 3. One consequence of our work is the following result. Theorem 1.2. If one allows the digits of a Hurwitz CF expansion to include Gaussian integers and marked Gaussian integers, then admissible strings of digits can be completely determined by the length-2 admissible strings of digits. That is, if [a 1 , a 2 , . . . , a n ] is an admissible string, then the possible values for a n+1 such that [a 1 , a 2 , . . . , a n , a n+1 ] is also admissible are determined solely by the value of a n .
We note that marked numbers, such as (1 + i) , are distinct from regular numbers, such as 1 + i, only symbolically. They take the same numerical value.
Fundamentals of Hurwitz Continued Fractions
Let K ⊂ C denote the set It is clear that the shifts of this set by Gaussian integers tesselate the complex plane. By this we mean that α∈Z[i] (K + α) = C and for any two distinct α, α ∈ Z[i], we have
As such, to each element z ∈ C we may define a unique element
This function [·] we may interpret as the nearest integer to z and can write explicitly in terms of the real-valued nearest-integer function by [ 
From this we may define a Gauss map T : K → K given by For a given point z ∈ K we define (possibly finite, possibly infinite) sequences z n , a n , defined inductively by z 0 = z and then, provided z n = 0, we let a n+1 = [1/z n ] and z n+1 = (1/z n ) − a n+1 = T (z n ). If z n = 0, then we terminate the sequences at n. From this we see that
We would like to prove the meaningfulness and convergence of the infinite continued fraction expansion,
The convergence is immediate if the sequence is finite (which happens if and only if z ∈ Q[i]).
To indicate why convergence happens in the infinite case, we must consider the convergents. We let p −1 = q 0 = 1 and p 0 = q −1 = 0, and then let for n ≥ 1, let p n = a n p n−1 + p n−2 and q n = a n q n−1 − q n−2 . It is an easy induction proof to show that p n q n = 1
and that this fraction is in lowest terms. Moreover, with slightly more difficulty, one can show that
and that |q n+2 /q n | ≥ 3/2, proving that the convergents p n /q n do indeed converge to z as desired. (For details, see [5, Ch. 5 
])
Since one can write a n+1 (z) = [1/T n z], we also have that a n (T z) = [1/T n z], and hence T acts as a forward-shift on the string of digits, i.e., if we connect a point z ∈ K to its string of digits
Particularly relevant for our purposes, we know that there exists a probability measure µ on K, absolutely continuous with respect to Lebesgue, that is invariant-that is, µ(T −1 A) = µ(A)-and ergodic-that is, if T −1 A = A, then µ(A) = 0 or µ(A) = 1-with respect to the transformation T . This was first shown by Nakada [7] . As a consequence of further investigations into the map T , Schweiger [10, 11] showed that µ is piecewise Lipschitz with respect to a certain partition of K. Hensley [5] further proves the following result.
Theorem 2.1. The measure µ has a density function ρ-that is, µ(A) = A ρ dλ(z) with λ being Lebesgue measure on C-where ρ is continuous except perhaps along the arcs |z ± 1| = 1, |z ± i| = 1, and |z ± 1 ± i| = 1. It is moreover real-analytic on each of the 12 open regions that these arcs partition K into. µ also obeys the following symmetries: µ(iA) = µ(A) and µ(A) = µ(A).
In order to better understand the measure µ, we introduce the natural extension. Let
Whereas typically we use the overline to refer to taking conjugates, in this case we use it to define the closure. Note that it can be shown further (see again [5, Ch. 5] ) thatK ⊂ B 2 where B is the unit ball around the origin in C.
Similar to (1), we have that
It is true, although not immediate, that by ignoring an appropriate measure-zero set,T acts as a bijection fromK to itself, as was shown in Ei, Ito, Nakada, and Natsui [8] .
Let V ⊂ C denote the projection ofK onto its second coordinate. It is not the case that K = K × V (up to some zero-measure set); however, it is thankfully not much more complicated than that.
Let us define the 12 open regions of K more precisely.
2 Let K k, for k ∈ {1, 2, 3}, ∈ {1, 2, 3, 4}, be given by
Note that these cover K up to a zero-measure set. (See the left-hand side of Figure 4 .) Ei, et al, [8] study the sets V k, very closely and in particular prove a number of useful facts. In particular, each V k, has positive Lebesgue measure with path-connected and simply connected interior and a boundary given by a Jordan curve, which appears to be fractal in nature.
2.1. Properties of the invariant measure. These properties allow us to nicely define an absolutely continuous invariant measureμ forT onK. In particular, we will show that if we defineμ byμ
, where (z, w) ∈ E for any measurable set E ⊂K, then this is an invariant measure. That this integral is actually integrable follows from the properties in the previous paragraph. That this measure is invariant is fairly straight-forward. SinceT is a bijection, it suffices to showμ(T E) =μ(E), for any measurable E ⊂K. Moreover, sinceμ is countably additive and there are countably many digits, it suffices to consider a set E such that for each (z, w) ∈ E, the first continued fraction digit of z is the same. ThusT acts byT
where a = a 1 (z). Thus, 
Figure 4
We note briefly that when we do the change of variables, we get dλ(z)/|z| 4 instead of dλ(z)/|z| 2 because dλ(z) is the differential with respect to Lebesgue measure and since this is seen as a transformation on the complex plane, areas are shrunk by the square of the derivative. So this does define an invariant measure forT onK.
This gives us a way to define µ by projecting fromμ. Let π K :K → K be the projection onto the first coordinate. (SinceK was defined using a closure and K does not contain its entire boundary, this projection will not be defined for a Lebesgue-measure-zero subset ofK, but this will ultimately not matter.)
Briefly, we will show that π K then for any measurable set A ⊂ K, we have
, so this measure is invariant and one can also see that it is absolutely continuous by the absolute continuity ofμ. So this measure must be the same µ as before. (We are eliding over a small step here: to show this measure and the previous one were the same, we must invoke that we already knew the previous measure was ergodic and use the ergodic decomposition theorem.)
Thus, if we only knew the shapes V k, perfectly (and perfectly how to integrate over them), then the problem of understanding µ would be trivialized. While we cannot yet do that, we can use the simple form ofμ to help us estimate µ better.
In particular, suppose h is the density of µ (with respect to Lebesgue measure). Then we can express h by
We may express this as a function h(x, y) where z = x + iy and since it is real-analytic, we may express its derivatives via
This equation comes from taking w = a + bi.
When the choice of k, is not clear, we will use h k, m,n (x, y). In general, we will assume that x + yi ∈ K k, , but in at least one case, we will not make this assumption.
Equation (3) will be the primary tool we use to calculate the Taylor series for h at appropriate points.
Finally, we conclude this section with a discussion of the Perron-Frobenius operator. This operator P is defined in this case by
for all measurable A ⊂ K.
If f = h, where h is the density of the measure µ, then clearly P f = f . On the other hand, if P f = f , then by the above equation, the measure µ f given by µ f (A) = A f dλ is T -invariant. By the ergodic decomposition theorem, we know that µ f can be, loosely speaking, written as a linear combination of ergodic measures. We also know that any two ergodic measures are mutually singular-that is, the support of one ergodic measure is of measure zero with respect to any other ergodic measure-so since we already know that µ is ergodic and has K as its support, the support of any other ergodic measure must have zero Lebesgue measure. Since µ f is continuous with respect to Lebesgue, it must therefore be a constant times µ, and so, up to a constant, f is equal to h almost everywhere. Moreover, it can be shown that
where here the denominator represents the Jacobian of T seen here as two-dimensional real-valued map. This gives us a functional equation for the invariant density h, which could also be used to calculate it. In particular,
Admissible strings of digits
In Figure 5a , we see the region K. When we try to calculate z 1 , the first thing we must do is invert, i.e., apply the map z → 1/z. This map applied to the region K gives Figure 5b . We have divided the map up into tiles centered around each Gaussian integer, each of which corresponds to a unique possibility of a 1 , with the correspondence being the obvious one: each tile corresponds to the Gaussian integer it is centered at. If there is any intersection between the tile and the inversion of K, we know that that digit is a possibility for a 1 . In particular, a 1 can be any element of the set Figure 5b we see that the shaded region intersects the tile centered at 2) then we cannot have that z 1 = −1/2, because when we shift this tile back to be centered at the origin the point −1/2 is not included in the shaded region.
Extending this analysis slightly, if a 1 = 2, then z 1 cannot satisfy |z 1 + 1| < 1, and then, by inverting the corresponding circle, we see that (1/z 1 ) ≥ −1/2, and thus we cannot have any digit a 2 for which the real part is negative. This corresponds to part of the first line in Table 1 . However, even though the possible regions z 1 can exist in depend on a 1 , they are not extremely complex. There are 13 possible regions: the full region, and 12 subregions. The 12 subregions can be broken down further into 3 examples, with the remaining 9 obtained by rotating these by π/2, π, or 3π/2. The full region, as well as the 3 initial subregions, are given in Figure 6 . We note that these regions are obtained by taking unions of the various K k, regions defined in (2), up to a finite measure set along their boundaries. Now, in order to figure out the possibilities for a 2 (depending on a 1 , of course), we must take each of these 13 regions and invert them as well. For completion, we will give all the pictures now in Figures 7, 8, and 9 . It is immediately clear that all the subregions that result after this second iteration are the same as those that resulted after the first iteration. Thus these 13 regions are the only 13 that will ever appear or need to be analyzed. This happens due to a miraculous happenstance: the inversion of the arcs that make up the borders of the K k, regions, when taken mod 1, map back onto the exact same arcs again.
In particular, the boundary of K is composed of pieces of the four lines (z) = ±1/2 and (z) = ±1/2. These lines, when inverted become the four circles |z ± 1| = 1 and |z ± i| = 1. When reduced modulo 1, these become the arcs of the circles |z + α| = 1 for α ∈ {±1, ±i, ±1 ± i}. The circles |z + α| = 1 for α ∈ {±1, ±i} when inverted go back to the lines (z) = ±1/2 or (z) = ±1/2. The circles |z + α| = 1 for α ∈ {±1 ± i} when inverted are all mapped back onto themselves. This is easily checked by confirming that both they and their inversions must intersect the unit circle at the origin twice (at two of the points ±1, ±i); and if we check a third point, say the point 1 + 2i on the circle |z − (1 + i)| = 1, then when inverted this becomes the point .2 − .4i which lies on the circle |z − (1 − i)| = 1. Thus we will only ever see segments of the four lines (z) = ±1/2, (z) = ±1/2 and arcs of the 8 circles |z + α| = 1 for α ∈ {±1, ±i, ±1 ± i}.
We may now consider these pictures in the following way: if z i−1 belongs to the subregion on the left (in Figures 5, 7, 8, or 9 ) then the allowable digits a i are the digits corresponding to tiles which intersect the region on the right of the same figure. Moreover, the possible region for z i (given a particular region for z i−1 and choice of a i ) is the corresponding tile shifted back to be centered at the origin.
It is clear from a visual inspection that for most a i in G, the corresponding region for z i is always the same. For example, the digit a i = 2 is allowable in the pictures given by Figures 5b, 7d, 7f , 7h, 9f, and 9h, and all of Figure 8 . In every case, the resulting possible region for z i is 7c.
We see that the only cases where a i can have multiple corresponding regions for z i are when a i = ±2 ± i, ±1 ± 2i, ±2 ± 2i, and in each case there are only two possibilities for the corresponding region for z i . We therefore will add to our collection of possible digits a selection of "marked" digits. For each of these 12 digits, for example 2 + i, we will also include the marked digit (2 + i) . One should consider these marked digits in a similar way as one considers colored partitions. Both 2 + i Figure 7c {x + yi ∈ G : |x| ≥ 0} 2i, (1 + 2i) Figure 7g {x + yi ∈ G : |y| ≤ 0} 1 + i Figure 9g {x + yi ∈ G : |x| ≥ 0, |y| ≤ 0} 2 + i, 1 + 2i, or (2 + 2i)
Figure 8g Table 1 . Admissible digit successors and (2 + i) have the same numerical value for computing the continued fraction but exist to help separate the two possible regions for the next z i . In particular, we will let the unmarked digit, such as 2 + i, be such that if a i = 2 + i, then the allowable region for z i is the same one that would appear had the allowable region for z i−1 been Figure 5b , in this case, the region would be given by that of Figure 8g . For the marked digit, such as (2 + i) , we obtain the other allowable region for the next z i : in the example of a i = (2 + i) , the allowable region for z i will be Figure 7c , which appears as a result of the allowable region for z i−1 being Figure 8f .
With the definitions of the marked digits, we see that each a i ∈ G corresponds to a uniquely defined allowable region for z i , and thus to a uniquely defined set of possible a i+1 's. We can thus describe all allowable strings of digits in the Hurwitz continued fraction expansion by a simple one-step process: that is, the only thing that is needed to understand whether a digit can occur in a given position is to know what the previous digit was. This is the content of Theorem 1.2.
As such, we have the table given in Table 1 . We obtain the necessarily relations for the remaining digits in the following way: if we take the negative and/or conjugate on the left-hand column, we also take negatives and/or conjugates in the right-hand column. For all remaining possible values of a i , the corresponding region for z i is given by Figure 5a and the possible values of a i+1 are everything in G.
To create an allowable string for the Hurwitz expansion, one follows the above rules and then, erases any marks from marked digits.
Our method
We will now detail the program we used to achieve our calculations. Let us emphasize to begin with that our method is really based on the following two-step process. First, we generate an array of boolean "pixels" that represent a rough plot of the points contained in a given V k, . (We will throughout this section consider V 1,1 for simplicity.) Second, to approximate the Taylor series of h(z), we approximate the integral in (3) by a sum over the points in our array of pixels. Again, for simplicity, we will approximate the Taylor series at the point −.5 − .5i. In other words, we are calculating h m,n = h 1,1 m,n (−.5, −.5). The choice of −.5 − .5i was initially chosen since it was a rational point in V 1,1 with small denominator (a "simple" point in some sense), but as it turned out, it was a very good choice to make and greatly simplified the resulting calculations, see Conjecture 5.2.
Let us expand this and work through our method in more thorough detail.
Step 1: Initialization First, we need a point whose orbit we believe to be dense. We will use the point (z 0 , w 0 ) = ((log 4 − 1) + (log 7 − 2)i, 0), which was also used by Hensley in some of his calculations available on his website.
We will choose a positive integer k (not related to the k in K k, ) that will help represent the degree of approximation we achieve. We will then let Q = 2 k . Then let PixelArray denote a 2Q × 2Q array of boolean values all set to false to begin with.
Each point in the array is meant to correspond to a small square in the complex plane. In particular, the (i, j) value is meant to correspond to the square of side-length 1/Q centered at
In particular, (i, j) corresponds to the square
considered by treating C as R 2 in the usual way. Note that these squares are all disjoint except for their borders and that their union is the entire square centered at the origin with side-length 2. In the next step, we will attempt to flip the value at (i, j) from false to true if this square intersects V 1,1 , so if we represented true values of (i, j) as a filled-in black square and false faluse of (i, j) as a filled-in white square, we would essentially have a rough pixel depiction of V 1,1 , hence the name.
Finally, since we performed our calculations in Mathematica, we found it beneficial to precalculate the function
as a compiled function. In particular these derivatives quickly would become computationally intensive to recalculate every time we wanted to call the function. To demonstrate this, here are some of the H m,n (a, b) functions:
and so on. In fact, to save on time, we generated a matrix
for some choice of L. For studying V 1,1 around −.5 − .5i, we could use the natural symmetries of V 1,1 to only calculate the lower-triangular matrix of H(a, b) isntead of the full matrix. We will ultimately sum H m,n over values of (a, b) corresponding to the center of true pixels in PixelArray. Since V 1,1 is symmetric around a = −b (seeing w = a + bi), we could replace a with −b (and vice-versa), in the sum. However, if in (4) we replace a with −b and x with y, the value of the function is unchanged. Again, replacing a with −b has no effect once we have completed the sum and replacing x with y has the effect of swapping m and n, hence why we could, if we desired, look only over the lower-triangular matrix.
This behavior is expected. Recall that µ(iA) = µ(A) = µ(A) by Theorem 2.1. As a consequence K 1,1 is symmetric along the line x = y, and since −.5 − .5i is on this line, we have that h m,n = h n,m .
Note that V 2,1 is symmetric over a = −b as well, but V 3,1 is instead symmetric over b = 0. See Figure 4 .
Step 2: Populating the pixel array We will illustrate the simple method to do this in this section, and later on will give a more complex (but in some cases, time-saving) method later on.
Let (z, w) = (z 0 , w 0 ). Perform the following operation 100 × Q 2 times: Let (z, w) :=T (z, w) in the usual assignment sense, and then if z ∈ K 1,1 , let the (i, j) coordinate of PixelArray be true, where i = (w)Q + 1 and j = (w)Q + 1
In particular, w will belong to the square that coordesponds to the coordinates (i, j). We note that 100 * Q 2 here is somewhat arbitrary. It was merely a value we used that seemed to fill the array rather well.
Step 3: (Optional) Fill the holes in the array (This step is entirely optional and if not used may just be skipped over completely.) As was shown in [8] , the region V 1,1 is simply connected and should not contain any "holes." However, our pixel array, as it is generated in an ad hoc and somewhat probabilitistic fashion, might contain holes, by which we mean pixels (i, j) that are false despite the entire corresponding square belonging to V 1,1 .
There are a number of methods one could employ to fill in these holes. We illustrate a few here.
(1) The simplest method would be to make use of the natural symmetry inherent in V 1,1 . In particular, it is symmetric around the line a = −b. Thus, one could create a new array of pixels where (i, j) is true if and only if either (i, j) or (2Q + 1 − j, 2Q + 1 − i) is true in the original array of pixels. (2) One could alternately tweak the original array of pixels by making (i, j) be true if its neighbors, (i + 1, j), (i − 1, j), (i, j + 1), and (i, j − 1), are all true. (3) By far the most effective but also most time-and memory-intensive method is to use a flood-fill algorithm. In particular, one creates a new 2Q × 2Q pixel array, let us call it NewPixelArray, that is false in every coordinate. Then one turns the (1, 1) coordinate of NewPixelArray true and performs a flood-fill algorithm: we look above, below, to the left and right of every pixel in NewPixelArray that we have turned true and also turn those true unless the corresponding pixel in PixelArray is true. When completed, this will give us essentially a photo-negative of the desired array. We can then let PixelArray be NewPixelArray after applying negation in every coordinate.
Our preferred method was to mix the flood-fill algorithm with facts about symmetry. Flood-fill algorithms are inherently memory-intensive, so we implemented the following three optimizations: we first used a scanline variant which saves considerably on memory, we made use of the symmetry of V 1,1 to realize that we only needed to calculate NewPixelArray for i ≤ 2Q + 1 − j (i.e., the lower-triangular portion), and then we made use of the symmetry a second time to compare (i, j) of NewPixelArray to both (i, j) and (2Q + 1 − j, 2Q + 1 − i) of PixelArray, choosing to turn (i, j) true in NewPixelArray unless either of the pixels in PixelArray is true.
Finally, we note that regardless of which process we use, we might accidentally fill in holes that we were not supposed to, due to the fractal nature of the boundary; however, in various experiments we felt that the benefit from doing this outweighed the downsides.
Step 4: Approximate the invariant measure Now, we wish to approximate
We will do this quite simply, by taking smoothed sum over H(a, b) over (a, b) corresponding to the centers of true pixels (i, j). In particular, we approximate it by (5) (i,j)∈PixelArray (i,j) true
where
and F i,j is the number of the pixels (i+α, j +β), α, β ∈ {−1, 0, 1} that are true divided by 9. Loosely speaking, F i,j can be seen as a generalization of the trapezoidal rule of numerical integration. It's presence is not necessary for the method to work, but we found it promoted faster convergence.
To save time, we could replace H m,n in (5) with the matrix H.
4.1.
A variant on step 2. In step 2, as described above, even after running 100 * Q 2 iterations, we were often left with a large number of holes that needed to be filled, and even then the boundary was not as precise as we would like. This is for two reasons.
First, z only visits K 1,1 a small portion of the time, and hence the information from lots of iterates is not being used. Mathematica calculations suggest that µ(K 1,1 ) = 0.066, so that z visits K 1,1 roughly 1/15 of the time.
Second, we spend a long time filling in the middle of V 1,1 when this information is completely ignored when we use the flood-fill algorithm.
We can mitigate both of these problems using a slightly different method. Let V −1 1,1 denote the set of points 1/w for w ∈ V 1,1 . We know thatT (z, w) = (T z, 1/(w + α)) for some integer α ∈ Z[i] depending only on z. So let us abuse notation for a moment.
In particular, this tells us that V
is a union of translates of the V k, 's. In fact, from [8] , it can be shown that this is a disjoint union, and the boundary of V −1
1,1 intersects finitely many of these translates. This can be seen directly in Figure 10 .
So what we do is, like in step 2 above, perform the assignment (z, w) :=T (z, w) a large number of times (we found 3 * Q 2 was sufficient), and now at every iteration, we calculate the k, such that z ∈ K k, , find all the α's such that the translate V k, + α is a part of the boundary of V −1 1,1 , and then turn each of the (i, j)'s in PixelArray true that correspond to the points 1/(w +α) for each of these α's. The values of the α's for each k and can be precalculated to speed up this process: this can be accomplished by using the admissible digits sequences studied previously, although for practical purposes, they can be read directly from pictures such as Figure 10 . A table of the corresponding α's for V 1,1 can be seen in Table 2 .
For example, by examining Figure 10 , we can see that if z ∈ K 1,1 , then since the only copy of V 1,1 that appears in this image has been translated by −1 + 2i, we have that (z − 1 + 2i) −1 ∈ V 1,1 . If z ∈ K 2,1 , then since the copies of V 2,1 that appear in this image have been translated by −2 + i, −2 + 2i, and −1 + 3i, we have that (z − 2 + i)
. And so on. We can even optimize this further, since if we know that w ∈ V k, for a given k, , then (−i) j w ∈ ·V k, +j mod 4 for j = 1, 2, 3.
Results
We performed several iterations of the methods listed above. We ran calculations from k = 7 up to k = 13. In our implementation, for V 1,1 centered at x + yi = −.5 − .5i, we were able to calculate approximations to h m,n = h 1,1 m,n (−.5, −.5) for 0 ≤ m, n ≤ 8 with k = 7 in three seconds and using 7.5 megabytes of memory. The same calculations run for k = 13 took 10840 seconds, around three and a half hours, and just over 22 gigabytes of memory. Increasing k by 1 typically increased both the memory required and the running time by a factor of a little more than 4.
Clearly, the biggest obstacle to extending these results further is the amount of fast memory used and the primary contributor to the memory used is the flood-fill algorithm. More precise calculations will likely require slower but less memory-intensive methods, likely dropping any form of filling algorithm and running more iterations in Step 1 of the procedure instead. Table 2 . For a given, K k, , the α ∈ Z[i] such that V k, + α is part of the boundary of V −1 1,1 .
−2i Table 3 shows the h m,n = h 1,1 m,n (−.5, −.5) values we calculated for k ranging from k = 7 to k = 13. What we note from these is that they show a very regular convergence that appears to be exponential in k-that is, that the behavior of the approximation to h m,n in k is like a + b · c k for appropriate variables a, b, c with |c| < 1. The value of a that we calculate should be a better approximation to the true value of h m,n . We used a least-squares approximation (via Mathematica's FindFit function) to estimate these a, b, c and compiled the results in Table 4 . In Table 4 , we only calculate a, b, c for those h m,n where m, n are both even, because the others did not display very good behavior for the methods used by FindFit to converge.
In fact, by examining Table 3 more closely, we see that h m,n is very, very small whenever m or n is odd. This leads us to the following conjecture. The set V 1,1 is symmetric under the transformation a → −b, b → −a, so if the integrand at odd m or n is negated by this same transformation, we should get that h m,n = 0. However, if we examine the derivative inside this equation with, say, m = 1, n = 0, then we get
and this is not negated by the transformation. However, we can still give a heuristic explanation for why Conjecture 5.2 is true. Consider the functional equation that we know the invariant density must obey:
If z is treated as x + yi, then by taking appropriate real derivatives with respect to x and y, we can use this to derive functional equations that should be satisfied by the various derivatives of h(z). Table 4 . Approximations to h 1,1 m,n (−.5, −.5) as in Table 3 of the form a + b · c k .
h
0.4762 6.8400 0.5399
However, the more interesting aspect is the sum. The sum is over (α + z)
is a lattice of points that is symmetric with respect to 180 degree rotation around the origin. As a consequence the possible values for (α + z) −1 ∈ K will also be symmetric with respect to 180 degree rotation around the origin.
In particular, the right-hand side of (6) can be decomposed into pairs like
We know that h(z) = h(−z), because the invariant measure satisfies µ(A) = µ(iA) and thus µ(A) = µ(−A) by Theorem 2.1, so we expect odd derivatives of the above pair-sum to disappear. This holds perfectly well on all points (a + z) −1 which are interior to one of the regions K k, , since here h is analytic; however, it is not clear how to make this process work for those (α + z) −1 which lie on the boundary between regions, since h is no longer analytic at these points. Moreover as z = −.5 − .5i lies on the boundary of K, such (α + z) −1 lying on the boundary between regions will exist. Thus, we can only describe this idea heuristically.
This heuristic cannot tell us the whole story.
is not the only lattice that is symmetric with respect to 180 degree rotation around the origin. Z[i] itself is symmetric in this way. So we would expect to see a similar cancellation in the odd derivatives of h m,n when starting our calculations from z = 0 instead of z = −.5 − .5i.
However, in Table 5 , we calculated h 2,1 m,n (0, 0), since 0 is on the boundary of K 2,1 , and yet the odd terms are not clearly tending towards zero. We also calculated h 2,1 m,n (−.5, −.5) in Table 6 , but again the odd terms are not clearly tending towards zero. We note that −.5 − .5i is not in or on the border of K 2,1 , but due to the similarity of V 2,1 and V 1,1 , we thought it would be an interesting point to test regardless.
However, when we examined V 3,1 , we again noticed that the odd x-derivatives tended to zero when we centered at z = −.5, see Table 7 . As noted above, the natural symmetries of V 3,1 around the y-axis tell us that the h should be even around this point in the y direction, but our calculations also lead us to the following conjecture. Heuristically we expect this to hold for the same reason as the previous conjecture.
Other methods of calculating the invariant measure
In this section, we want to briefly discuss various different methods of calculating the density of the invariant measure and the benefits and problems with each.
6.1. The finite difference method. It is well known that derivatives can be approximated by finite differences. So, for example, for a real differentiable function f and sufficiently small , we 
and so on. To implement this, let us consider the problem of calculating, say ∂ 2 ∂x 2 h(x + yi) at a point x, y. We pick a very small > 0 and let U 1 , U 2 , U 3 be balls of radius /2 such that the center of U n is x + yi + (n − 1) for n = 1, 2, 3. These sets will be disjoint. Let z 0 be some point whose orbit under the Gauss map we expect to equidistribute over K, and let Q be some extremely large integer. Now for n = 1, 2, 3, let u n be the number of times T i z 0 ∈ U n as i ranges from 0 to Q. Therefore, h(x + yi + (n − 1) ) is approximated by the quantity u n /Q. So our desired second derivative is The main benefit of this method is in its simplicity. This could be implemented in only a few lines of code with very few variables being used.
The trade-off, naturally, is in accuracy. In order to have a good approximation for our coefficient, needs to be very small. But this makes the sets U n very small, and so Q needs to be very large in order for u n to accurately approximate the density h(x + yi + (n − 1) ). Furthermore, even if the orbit of z 0 is equidistributed, it could "approach" equidistribution very slowly; the values u n might converge to µ(U n ), but might do so very slowly, with lots of variance. This would encourage us to take Q even larger. Let us choose a point z k, ∈ K k, in each of the twelve regions and consider expanding h(z ) when z ∈ K k, by its Taylor series around the point z k, . For example, if z ∈ K k, , then the left-hand side becomes
For a fixed value of z, we can consider the quantities that look like We can truncate this functional equation so that it has a finite number of terms by removing all summands involving h m,n (z k, ) with m, n > N for some integer N . Precisely, this will have 12(N +1) 2 terms. This truncation turns our exact functional equation into an approximate functional equation, but we ignore the errors and presume they are equal.
Thus, if we take at least 12(N + 1) 2 + 1 different values of z, we obtain a system of linear (approximate functional) equations in the variables h m,n (z k, ), which we can then attempt to solve using a least squares approximation.
The advantage of using this method is that it is completely deterministic. Our other methods so far have all relied on having a point z 0 whose orbit under the Gauss map had good properties. We have no easy way of choosing a point with the desired property, so instead we chose a point essentially at random, since with probability 1, we will choose a point with the desired property.
The disadvantage is that this method showed very poor convergence as m, n increased. This happened because the coefficients multiplied to the h m,n shrink so rapidly that very large changes in h m,n would only alter the contribution of the overall term by a very small amount.
6.3. Outline method. In the method we used to give the results above, we make use of a flood-fill algorithm to fill in any "holes" in PixelArray. As such, we only needed an approximation to the boundary of V 1,1 rather than the entirety of V 1,1 . We took advantage of this in our variant of step 2, where we in essence only looked at points that were relatively close to the boundary. We attempted at one point to circumvent this entirely and compute those points that lie on the boundary itself.
